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Potential energy surfae in LDM

The binding energy of a harged and rotating liquid drop is

E = Evol + E0
surf BS(def) + E0

Coul BC(def) + E0
rot BR(def)The deformation energy (in units E0

surf) an be written as:

Edef = (BS − 1) + 2x(BC − 1) + y(BR − 1) ,where x = E0
Coul/2E0

surf and y = E0
rot/E0

S are the �ssilityand rotational parameters∗, respetively.

For the harged drop one has x > 0, while x < 0 orre-sponds to gravitating objets.
∗S. Cohen, F. Plasil, W. J. Swiateki, Ann. Phys. 82 (1974) 557.



Strutinsky's variational proedure∗:

ρ(z)

z

ρ

ρ+δρ

zmin zmax

∗ V. M. Strutinsky et al. Nul. Phys. 46, (1963) 659.



Optimal shapes theory∗
Let us onsider an axially symmetri shape given by the equation:

ρ = ρ(z) for z ∈ [zmin, zmax] ,where ρ =
√

x2 + y2 is the distane from the z-axis to the nulear sur-fae with the following boundary onditions:

ρ(zmin) = ρ(zmax) = 0,

(
dρ

dz

)

zmin

= ∞,

(
dρ

dz

)

zmax

= −∞ .

The deformation energy of suh a body is given by the integral:

f(shape) =

zmax∫

zmin

ξ(ρ, ρ′, z)dz ,

as shape dependent funtions: BS, BC and BR are integrals of this type.

∗V. M. Strutinsky et al. Nul. Phys. 46, (1963) 659.



The liquid-drop deformation energy , i.e. the funtional f(shape), re-ahes a loal extremum (possibly a minimum) when

δρ f = δρ

zmax∫

zmin

ξ(ρ, ρ′, z)dz = 0 ,

what leads to the Euler-Lagrange equation:

d

dz

∂ξ

∂ρ′
−

∂ξ

∂ρ
= 0 ,

whih solution gives the so-alled optimal shape of the nuleus.The volume onservation and the deformation of the nuleus are impo-sed through appropriate onstrains for the volume V = const and e.g.the quadrupole moment Q = const:
ξ̃(ρ, ρ′, z) = ξ(ρ, ρ′, z) − λ1V(ρ, z) − λ2Q(ρ, z) ,where λi are the orresponding Lagrange multipliers.



Optimal shapes in the nonaxial ase ∗
The variation priniple for the deformation energy of the liquid dropwith surfae given by ρ = ρ(z, ϕ) an be written as

δρf = δρ

zmax∫

zmin

dz

2π∫

0

dϕ ξ(ρ,
∂ρ

∂z
,
∂ρ

∂ϕ
; z, ϕ) = 0 .

This leads to a generalised Euler-Langevin equation:

∂

∂z

∂ξ

∂ρz
+

∂

∂ϕ

∂ξ

∂ρϕ
−

∂ξ

∂ρ
= 0 ,

whih an be solved with the following boundary and periodiityonditions:

ρ|zmin = ρ|zmax = 0,
∂ρ

∂z
|zmin = ∞,

∂ρ

∂z
|zmax = −∞; ρ(z, ϕ) = ρ(z, ϕ + 2π).

∗K. Pomorski, F. Ivanyuk and J. Bartel, Ata Phys. Polon. B42, 455 (2011).



Optimal shapes for di�erent elongations∗:
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∗A. Ivanyuk and K. Pomorski, Phys. Rev. C 79, (2009) 054327.



Optimal �ssion barriers:
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A. Ivanyuk and K. Pomorski, Phys. Rev. C 79, (2009) 054327.



Optimal �ssion barriers ompared with thoseobtained in di�erent shape parametrisations
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Optimal energy for axially symmetri rotating nulei ∗
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LDFor x = 0.5 oblate to prolate (Jaobi) transition takes here plae at y = 0.125 whatorresponds to Erot=60 MeV and L=75h̄. For x > 0.612 no transition is observed.

∗J. Bartel, F. Ivanyuk, K. Pomorski, Int. J. Mod. Phys. E19 (2010) 601.F. Ivanyuk, K. Pomorski, J. Bartel, Int. J. Mod. Phys. 21 (2012) in print



Asymmetry of saddle points for the optimal shapes ∗
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∗F. Ivanyuk and K. Pomorski, Int. J. Mod. Phys. E19 (2010) 514;see also U.L. Businaro and S. Gallone, Nuovo Cim. 5 (1957) 315. xBG = 0.394



Restoring of left-right symmetry by rotation
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Here, c is the elongation and α is the mass-asymmetry deformation parameter.

J. Bartel and K. Pomorski, Int. J. Mod. Phys. E20, 333 (2011).



Nonaxial deformation parameter ∗
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Approximative solution of thegeneralised Euler equation:

ρ̃2(z, ϕ) =
ρ(z)

√
1 − η2(z)

1 + η(z) cos(2ϕ)

Relation between (c, η) and (β, γ) for an ellipsoid.
∗J. Bartel, B. Nerlo-Pomorska, K. Pomorski, Int. J. Mod. Phys. E18, 986 (2009).



Evolution of nonaxiality with rotation ∗
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∗F. Ivanyuk, K. Pomorski, J. Bartel, Int. J. Mod. Phys. E21 (2012), in print



Jaobi transition in rotating drop ∗
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∗F. Ivanyuk, K. Pomorski, J. Bartel, Int. J. Mod. Phys. E21 (2012), in print



Jaobi transition is not sharp ∗
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(a, b, c) axes of rotating ellipsoid (l.h.s. �gure) in funtion of therotational parameter. The optimal solution energy (dotted line, r.h.s.�gure) is of ourse below the energy of rotating ellipsoid (solid line).

∗F. Ivanyuk, K. Pomorski, J. Bartel, Int. J. Mod. Phys. E21 (2012), in print



Maximal angular momentum of rotating nulei ∗
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∗F. Ivanyuk, K. Pomorski, J. Bartel, Int. J. Mod. Phys. E21 (2012), in print



Summary and onlusions:

• Strutinsky's theory of optimal shapes is an useful tool tostudy the potential energy surfae in liquid-drop model.

• The optimal shapes allow to test di�erent parametrisa-tions of the surfae of �ssioning and rotating nulei.

• Rotation stabilise nulei against the Poinaré instability.

• Jaobi transition is not sharp and it disappears omple-tely for nulei with x > 0.612.
• Rotating ellipsoid model underestimates the maximal an-gular momentum in nulei with A < 190.
• Further alulation are in progress.



Appendix 1: Least-ation trajetoryLet us reall that the Hamilton variational priniple

δS = 0applied to the ation S built from the Lagrange funtion

S =

t2∫

t1

L(qk, q̇k, t)dt

leads to the Lagrange equations of motion
d

dt

∂L

∂q̇k
−

∂L

∂qk
= 0 ,whih solution qk = qk(t) represents the least ation trajetory.Note: All possible trajetories need to have the same beginning and end points, qk(t1)and qk(t2) respetively and should not di�er sustantially form the real trajetory.


